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Abstract: The use of threshold values in order to diagnose individual subjects as being ‘susceptible’
or ‘infected or recovered/immune’ for a specific infection is virtually always prone to false positive,
false negative or inconclusive classifications. Such misclassifications might lead to biased estimates
for epidemiological parameters, such as the prevalence and the force of infection. In this article, we
propose to estimate these epidemiological parameters directly from antibody titres, using an underlying
mixture model. The method is applied to estimate the Salmonella serological prevalence in pigs and the
age-dependent force of infection using serological data on the Varicella-Zoster virus (VZV) in humans.
The threshold and direct method are compared through a simulation study.
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1 Introduction

Epidemiology deals with the study of the occurrence of a disease and its determinants
within a given population of humans or animals. A key characteristic of disease occur-
rence is the prevalence π , being the proportion of infected individuals within a popula-
tion (here and throughout this article ‘infected’ refers to past or current infection). The
dependency of the prevalence π on covariates is often of interest. For instance, to con-
trol and prevent an infectious disease, the dependency of the prevalence π (t) on time t
is crucial. In our first application we will estimate the time-dependent prevalence π (t)
of Salmonella, based on data from the Belgian Salmonella surveillance programme.
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Another important epidemiological parameter is the force of infection λ (FOI,
or infection hazard), which is the instantaneous rate at which susceptible individ-
uals become infected, being typically investigated as a function of age and/or time
(Anderson and May, 1991). More formally, denote the fraction of the individuals
susceptible to a specific infectious disease at age a and time t as q(a, t). Assuming
that maternal antibodies are absent and that the disease is irreversible, meaning that
immunity is lifelong and that mortality caused by infection is negligible, the partial
differential equation which describes the change in the susceptible fraction at age a
and time t is given by ∂

∂a q(a, t) + ∂
∂t q(a, t) = −λ(a, t)q(a, t), with λ(a, t) being the age-

and time-specific FOI. In a steady state, assuming time homogeneity or ∂
∂t q(a, t) = 0,

this differential equation simplifies to q′(a) = −λ(a)q(a), with now q′(a) denoting the
derivative and λ(a) denoting the age-specific FOI. As the prevalence π (a) = 1 − q(a),
the following simple equation relates the FOI to the prevalence:

λ(a) =
π ′(a)

1 − π (a)
. (1.1)

So, having an estimator for the age-dependent prevalence π (a), equation (1.1) can
be easily applied to get an estimate for the FOI λ(a). It is also important to mention
that the prevalence π (a) is non-decreasing as a function of the age a and that the
estimator should be as well. Of course, the proportion susceptible q(a) will decrease
with age, and hence the prevalence π (a) cannot decrease. In our second application
we estimate the age-dependent prevalence π (a) and FOI λ(a) for the Varicella-Zoster
virus (VZV), based on a Belgian serological study.

Although not equal, the prevalence π (t) or π (a) is commonly replaced by the
so-called ‘seroprevalence’, i.e., the proportion of subjects at time t or of age a who
test positive on a serological test. More precisely, a test is considered positive if
the antibody titre measurement exceeds a threshold value. In the one-threshold case
(Figure 1: left panel), individuals are diagnosed as infected if their test result exceeds a
certain threshold value ζ and as being still susceptible otherwise. In case two threshold
values are used (Figure 1: right panel), individuals having test results higher than the
highest threshold value ζ2 are diagnosed as infected, individuals having test results
smaller than the lowest threshold value ζ1 are diagnosed as susceptible, whereas all
remaining individuals are labelled inconclusive.

However, the use of threshold value(s) in order to diagnose individual subjects
is virtually always prone to misclassification, encompassing false negative results
(infected subjects testing negative, 1-sensitivity), false positive results (susceptible
subjects testing positive, 1-specificity) and inconclusive classifications (in case two
thresholds are used), yielding biased estimates of the epidemiological parameters.
In case the sensitivity and specificity characteristics of the applied test are known,
the seroprevalence can be corrected for these misclassifications (see, e.g., Rogan and
Gladen, 1978). But, in practice, such corrections are often not applied. Moreover, it
is common practice just to discard the inconclusive individuals from any analysis.
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Figure 1 Distribution of fictive test results from a population of susceptible and infected subjects with subjects
classified using one threshold value (left panel) and two threshold values (right panel). The assumed distribution
of the susceptible subjects is N(8, 2.52) and of the infected subjects is N(12, 1).

In this article, we investigate the effect of test misclassification also on the esti-
mation of the FOI and show that the optimal threshold minimizing the (asymptotic)
bias appears to be different for both parameters, prevalence and FOI. To avoid the
need for correcting for bias and for selecting different optimal thresholds, we propose
to estimate the prevalence and the FOI ‘directly’ (without the use of any threshold)
from the serological data. We will call these estimators the ‘direct’ estimators, and
although these new estimators are also based on serological data (on the continu-
ous scale), the term seroprevalence is reserved for the popular approach using the
dichotomized data (on the binary scale, after comparing with a threshold). These
latter estimators will be referred to as the ‘threshold estimators’.

The direct estimators for the prevalence and the force of infection are derived
from an underlying mixture model. Mixture models are well-established models
nowadays, based on an extensive literature showing its applicability in a wide range
of applications (see, e.g., Titterington et al., 1985; Böhning et al., 1992; Schlattmann,
2009). In our definition and application of the direct estimators, the mixture model
itself is not of main interest, but its (latent) structure allows a direct definition of
prevalence and FOI. All components of the direct estimators can be implemented
fully parametrically, semi-parametrically or even fully non-parametrically.

The relation between the direct estimator and the threshold estimator will be
elucidated in Section 2. The methodology is illustrated in Section 3 by estimating
the time-dependent prevalence π (t) of Salmonella in pigs and by estimating the age-
dependent prevalence π (a) and FOI λ(a) of VZV in humans. In both applications the
estimation is based on serological test results using ELISA. A Monte Carlo simulation
study comparing both methods (direct and threshold estimators) is conducted as well
in Section 4.
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2 Methodology

In this methodological section, we first briefly review the threshold approach. Next,
the direct approach is introduced showing how to estimate the prevalence and the FOI
directly from the serological test results on the continuous scale (such as the antibody
titre measurements), avoiding any use of thresholds. Finally, the connection between
both approaches is discussed. For simplicity all parameters of interest are formulated
as age dependent in this section. But everything also applies on time dependent
parameters as illustrated in the application in Section 3.1.

2.1 Threshold approach

Consider a serological sample of n subjects and let yi be the (continuous) test result
of subject i of age ai (i = 1, 2, . . . , n) and let ζ be a single threshold value. Then,
assuming infected individuals have test results on average at the higher end of the
scale, yi is dichotomized as

zi =

{
0, yi ≤ ζ
1, yi > ζ,

(2.1)

where ‘0’ denotes test-negative and ‘1’ test-positive. The accuracy of a diagnostic test
with threshold value ζ is typically quantified by the test sensitivity SE (the probability
of a positive test result given the individual has been infected) and the test specificity
SP (the probability of a negative test result given the individual is still susceptible).
Note that, of course, SE and SP depend on the threshold: a higher value for ζ implies
a lower value for SE and a higher value for SP. For a test to be valid, it is required
that SE > 1 − SP. This condition comes down to requiring that the probability of a
test-positive result is larger for an infected individual than for a susceptible individual.

Unless the test result is perfect (SE = SP = 1) the age-dependent seroprevalence
πz(a) = P(z = 1|a) is not equal to the unknown age-dependent prevalence π (a).
Indeed the following relationship holds

πz(a) − π (a) = (1 − π (a))(1 − SP) − π (a)(1 − SE), (2.2)

and consequently an (asymptotically) unbiased estimator for πz(a) is not an (asymp-
totically) unbiased estimate for the true prevalence π (a). The threshold estimator
π̂z(a) is typically obtained from a logistic regression model.

Clearly, the bias depends on both the threshold ζ (determining SE and SP) and
π (a) and can be positive as well as negative. Replacing π (a) by πz(a) in identity (1.1),

λz(a) =
π

′
z(a)

1 − πz(a)
, (2.3)
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and plugging in an unbiased estimator for πz(a), will of course also lead to a biased
threshold estimator for the true FOI λ(a), with (asymptotic) bias equal to

λz(a) − λ(a) = −
(

1 − SE
(1 − π (a))SP + π (a)(1 − SE)

)
λ(a). (2.4)

It is interesting to note that this bias is always negative, and increasing in magni-
tude as a function of the true FOI λ(a) and decreasing as a function of the sensitivity
SE.

To illustrate the magnitude and direction of the (age-dependent) bias given in
(2.2) and (2.4), we calculated πz(a) and λz(a) for different choices {2, 3, . . . , 18} for
the threshold ζ , assuming that the non-dichotomized test results y of the susceptible
individuals are distributed as N(8, 2.52) and of the infected individuals as N(12, 12)
(see also Figure 1) and for a true age-dependent prevalence π (a) as shown by the
solid black curve in the left upper panel of Figure 2.

The results for πz(a) (respectively, λz(a)) are given in the left upper (respec-
tively, lower) panel of Figure 2. To visualize the bias, π (a) and λ(a) are graphi-
cally presented as well. In addition, mean absolute errors (MAE) are calculated for
several threshold choices ζ . In particular, MAE(πz) = 1

G

∑G
g=1 |πz(ag) − π (ag)| and

MAE(λz) = 1
G

∑G
g=1 |λz(ag) − λ(ag)| are calculated for an equally spaced grid on age

between minimum and maximum age with G = 500 points on the grid. The results
for πz(a) (respectively, λz(a)) are given in the right upper (respectively, lower) panel
of Figure 2 with the vertical dashed lines representing the means of the susceptible
and infected population. As can be seen, the MAE(λz) is minimized for threshold
values much smaller than the one minimizing MAE(πz), clearly illustrating that the
choice of threshold might be problematic when interest is in estimating (different)
epidemiological parameters.

A bias correction to obtain an (asymptotically) unbiased estimate of π (a) when
using seroprevalence data was provided by Rogan and Gladen (1978). Starting from
rewriting (2.2) as

π (a) =
πz(a) + SP − 1
SE + SP − 1

, (2.5)

it immediately follows that an asymptotically unbiased estimator of π (a) is given by
the so-called Rogan–Gladen estimator or

π̂RG(a) =
π̂z(a) + ŜP − 1

ŜE + ŜP − 1
, (2.6)

given asymptotically unbiased estimates π̂z(a), ŜP and ŜE for πz(a), SP and SE. To
make sure that the Rogan–Gladen is well defined with values between 0 and 1,
definition (2.6) can be modified as π̂RG(a) = max{0, min{(π̂z(a) + ŜP− 1)/(ŜE + ŜP−
1), 1}}.
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Figure 2 Age-dependent prevalence (upper left panel) and FOI (lower left panel) analytically derived for different
choices of threshold values ζ and the corresponding mean absolute errors (right panels). In the right panels,
results for tests that are not valid are indicated with dotted lines. Assumed distribution susceptible subjects:
N(8, 2.52); infected subjects: N(12, 1).

An expression of the FOI λ(a) corrected for test misclassification can be obtained
by substituting (2.5) in (1.1), leading to

λ(a) =
π

′
z(a)

SE − πz(a)
. (2.7)

A nice feature of expression (2.7) is its independence of the test specificity SP. Further-
more, since SE ≤ 1, expression (2.7) readily explains the direction of the asymptotic
bias given in (2.4). Indeed, if SE < 1, then λz(a) < λ(a). Only in case SE = 1, we have
λz(a) = λ(a). Starting from (2.7), an estimator λ̂RG(a) of the FOI corrected for test
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misclassification is naturally obtained by plugging in the estimators π̂z(a), π̂
′
z(a) and

ŜE.
Analogously to the one-threshold case, we also investigated the two-threshold

case. In particular, we investigated the effect of test misclassification and discarded
inconclusive classifications on the estimation of π (a) and λ(a). The results (not shown)
are in line with the ones obtained in the one-threshold case, again indicating that
the choice of thresholds is problematic when interest is in estimating (different) epi-
demiological parameters. Furthermore, the bias corrections are very complicated
expressions and require the estimation of the probability of a test result to be dis-
carded given the individual is infected (respectively, susceptible). Whereas estimates
of SE and SP are sometimes provided with the test kit or obtained from previous
studies or expert opinion, estimates for the probabilities to be discarded are generally
lacking.

2.2 Direct approach

As an alternative to the seroprevalence based estimators reviewed in the previous
section, one might consider estimating epidemiological parameters directly from the
non-dichotomized serological data y. Such an approach has the major advantage that
no threshold is needed, nor estimates for SE and SP in order to correct for bias. Also
no inconclusive observations are discarded.

In particular, π (a) and λ(a) can be derived directly from a two-component mixture
model assuming an age-dependent mixing probability. Formally, the two-component
mixture model for a non-dichotomized test result y for an individual of age a can be
represented as

f (y|a) = (1 − π (a)) fS(y; θS) + π (a) fI(y; θI), (2.8)

with fS and fI the densities referring to the susceptible and infected subpopulations,
possibly depending on parameters θS and θI , respectively, and with π (a) being the
age-dependent mixing probability (i.e., the true prevalence).

The mixture (2.8) and the estimation of both components fS and fI is of no direct
interest, but the underlying mixture structure allows us to relate the mean E(y|a) to
the prevalence π (a). Indeed, it immediately follows that the mean E(y|a) of y given
age a equals

μ(a) = (1 − π (a))μS + π (a)μI, (2.9)

with μS and μI the mean test results for susceptible and infected subpopulations
respectively. To guarantee identifiability, we assume μI > μS (which corresponds to
the requirement that SE > 1 − SP for a test to be valid).

An expression for the true prevalence π (a) is naturally obtained by rewriting (2.9)
as

π (a) =
μ(a) − μS

μI − μS
, (2.10)
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showing that π (a) is the excess of the mixture mean μ(a) to the mean of the susceptible
population μS relative to the difference in means of both subpopulations. It follows
immediately that π (a) = 0 if μ(a) = μS and that π (a) = 1 if μ(a) = μI .

Given asymptotically unbiased estimates μ̂(a), μ̂S and μ̂I , an asymptotically unbi-
ased direct estimator for π (a) is given by

π̂ (a) =
μ̂(a) − μ̂S

μ̂I − μ̂S
. (2.11)

To estimate μS and μI (with μS < μI) all data are collapsed over the age dimension,
and a two-component mixture model can be applied. The estimator μ̂(a) is just
a simple regression estimator, with the constraint that the estimator is monotone
non-decreasing as a function of a and such that that μ̂S ≤ μ̂(a) ≤ μ̂I .

An expression for the age-dependent FOI λ(a) is obtained by substituting (2.10)
in (1.1) and subsequently simplifying the expression, yielding

λ(a) =
μ′(a)

μI − μ(a)
. (2.12)

Expression (2.12) shows that the force of infection equals the derivative of the mixture
mean μ′(a) relative to the difference between the mean of the infected population
μI and the mixture mean μ(a). Note that μ(a) ≤ μI with μ(a) = μI if the whole
population is infected at age a (from which point on the FOI is no longer useful and
not defined). As can be seen in (2.12), the force of infection depends on the mean of
the infected population μI only and not on the mean of the susceptible population
μS. Using identity (2.12), an asymptotically unbiased direct estimator for λ(a) is given
by

λ̂(a) =
μ̂′(a)

μ̂I − μ̂(a)
, (2.13)

using (asymptotically) unbiased estimates μ̂(a), μ̂′(a) and μ̂I .

2.3 Distributional properties of the direct estimator

The regression function μ(a) can be estimated in a fully parametric, semi-parametric
or fully non-parametric way. In Sections 3 and 4 we will use monotone penalized
splines to estimate μ(a) in a flexible way (see, e.g., Eilers and Marx, 1996). In principle
it should be possible to derive the asymptotic variance and asymptotic distribution
of the spline-based estimators (2.11) and (2.13). But, although penalized splines have
gained much popularity over the last decade, their asymptotic properties have been
little explored until recently. Claeskens et al. (2009) present the first general treatment
of the asymptotic properties of penalized splines. Depending on an assumption on the
number of knots, sample size and penalty, they show that the theoretical properties
of penalized spline estimators are either similar to those of regression splines or to
those of smoothing splines, with a clear breakpoint distinguishing the cases. They
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also obtain expressions for bias and variance. But in our case we fit penalized splines
constrained to be monotone, a condition which further complicates the derivation of
the asymptotic distribution.

Next, we need the distributional properties of the estimator π̂ (a) which equals
(μ̂(a) − μS)/(μI − μS) with μS and μI replaced by their respective estimators. These
estimates are obtained in a separate step, based on a mixture model, but using the
same data as for estimating μ̂(a). This brings us to the theory of, e.g., Randles (1982),
who describes in which way the limiting distribution is affected when unknown
parameters (such as μS and μI) are replaced by their respective estimators. As the
FOI combines the estimator for μ(a) (in the denominator) with the estimator for the
derivative μ′(a) (in the numerator), results of Claeskens et al. (2009) have also to be
extended to the joint distribution of (μ̂(a), μ̂′(a)).

Deriving asymptotic results taking all these necessary extensions of existing the-
ory into account would be very interesting, but is beyond the scope of this article.
Moreover we believe that even if the asymptotic results would be available, they
would require the non-trivial estimation of unknown parameters. We think that the
bootstrap as presented in Section 3 is a very practical alternative. Although it is quite
computationally intensive, its application and implementation is rather straightfor-
ward. Nowadays, in situations as the current one, the application of the bootstrap is
forming less a burden than the application of asymptotic analytic expressions.

2.4 Monotone transformations and connection between threshold and
direct approaches

The seroprevalence πz(a) = P(z = 1|a) is invariant for non-decreasing transfor-
mations of the quantitative test result y and corresponding threshold ζ . Indeed
{z = 1} = {y ≤ ζ} = {g(y) ≤ g(ζ )} for any non-decreasing function g. The appli-
cation of a transformation g, however, might affect the direct approach (2.10) as it
depends on means which are not invariant (e.g., E(g(y)|a) =/ g(E(y|a))). This gives rise
to the natural question which transformation is optimal for the direct method. This
optimization problem can be addressed from a theoretical point of view or rather
from practical considerations. The theoretical optimization in terms of efficiency
seems far from trivial and is beyond the scope of this article. A practical solution,
however, is to select g in order to optimize the estimation of the mixture model and
consequently of the means μS and μI . A typical transformation, for instance, would
be the log-transformation as the quantitative test results are often skewed to the right.

One particular non-decreasing but non-smooth transformation g reveals the rela-
tion between the threshold and the direct method. Indeed, the ‘threshold’ transfor-
mation defined as

g(y) = I(y > ζ ) =

{
0 if y ≤ ζ
1 if y > ζ

(2.14)
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turns the mixture in a mixture of two binary components with age-dependent mean
μg(a) = E[g(y)|a] equal to πz(a) and mixture identity (2.9) translates to

πz(a) = (1 − π (a))
∫ ∞

ζ

fS(y; θS)dy + π (a)
∫ ∞

ζ

fI(y; θI)dy

= (1 − π (a)) (1 − SP) + π (a)SE

and consequently for this specific transformation

π (a) =
πz(a) + SP − 1
SE + SP − 1

, (2.15)

which is exactly leading to the Rogan–Gladen estimator (2.6). In a similar way, the
FOI corresponding to this particular transformation equals the corrected threshold
formula (2.7). Thus an interesting conclusion is that the misclassification-corrected
expressions (2.5) and (2.7) are in fact a special case of the expressions based on the
direct approach (2.10) and (2.12).

2.5 Estimation and inference

In the direct approach, the prevalence and FOI are estimated as a combination of
two separate estimation steps, both using the data {(ai , yi ), i = 1, . . . , n}: estimation
of the mean μ(a) = E(y|a) and its derivative μ′(a), on the one hand, and estimation
of μI and μS, on the other hand. The estimates μ̂(a), μ̂′(a), μ̂I and μ̂S are then
combined by identities (2.11) and (2.13) to get the estimates π̂ (a) and λ̂(a).

Estimation of μ(a) and μ′(a)

This part refers to a typical regression model with one covariate, as well as its
derivative. As is the case in any regression model, there are several options depending
on the application at hand. One can use a classical parametric linear model or a more
flexible parametric model, such as a fractional polynomial or a nonlinear model. But
one could also prefer a non- or semiparametric regression model, such as a local
polynomial model or a spline model. In the applications and in the simulations we
used penalized splines as we prefer a very flexible model for our applications.

Estimation of μI and μS

In the first application (Salmonella) a parametric gamma mixture model is fitted, and
for computational reasons the estimation is based on MCMC rather than on the
EM-algorithm (Dempster et al., 1977). In the second application (Varicella-Zoster)
a normal mixture is fitted with the EM-algorithm.
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Inference

As explained in Section 2.3 the derivation of the distributional properties is not
straightforward because of the separate estimation of regression mean and mixture
means, because of the use of P-splines with data driven smoothness penalty and
other complexities such as a complex survey design in the first application and
monotonicity in the second application. Therefore bootstrap standard errors and
bootstrap percentile intervals are reported, based on a bootstrap algorithm which
allows us to take all complexities into account as well as all sources of variability
(such as the data driven smoothness penalty). In principle one could also compute
improved percentile intervals such as the bias-corrected and accelerated intervals, but
the implementation of these improved intervals dealing with the above-mentioned
issues is not straightforward.

3 Applications

The first application addresses the estimation of the time-dependent prevalence π (t)
of Salmonella-infected pigs at primary production in Belgium using both the threshold
based and the direct approach. To allow flexible time trends, the regression mean μ(t)
is estimated using splines. The mixture component means μS and μI are estimated
by fitting a marginal two-component gamma mixture density.

The second application addresses the estimation of the age-dependent prevalence
π (a) and FOI λ(a) using serological data on the VZV in humans. In this case a normal
mixture was used to estimate μS and μI .

All methods were implemented in MatLab R2009a (code is available upon request).

3.1 Salmonella in pigs

Consumption of food that is contaminated with the Salmonella bacteria can cause
human salmonellosis, which is a common gastrointestinal zoonotic disease world-
wide. Mostly, salmonellosis is self-limiting, but it can evolve into serious illness or
cause death especially within enhanced susceptible persons (e.g., children, elderly,
pregnant women and immuno-compromised persons). The data come from the Bel-
gian Salmonella surveillance programme launched in January 2005 (Van der Stede
et al., 2008). Following this programme, all professional pig herds are obliged to
collect 10 to 12 blood samples from pigs every 3 to 4 months a year. The blood sam-
ples are tested for Salmonella-specific antibody levels using indirect ELISA following
the test manufacturer’s guidelines. The test results are reported as sample-to-positive
ratios (SP-ratios), which are extremely positively skewed and normally range between
0 and 4. For the current application, we use only data on 314 herds for the year 2005,
previously used to develop methods to identify Salmonella risk farms (Bollaerts et al.,
2008; Cortiñas Abrahantes et al., 2009). In this first example, the age dependency of
the prevalence is replaced by time dependency.
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We first focus on the estimation of the regression mean μ(t), based on the trans-
formed SP-ratios, log(SP+1). It is standard to estimate μ(t) using least-squares tech-
niques, parametrically or non-parametrically, depending on the application of inter-
est. To flexibly model seasonal trends, we opt to use linear P-splines regression
(Eilers and Marx, 1996), which is essentially regression using an excessive num-
ber of equally spaced B-splines (Dierckx, 1993) and an additional discrete penalty
to correct for overfitting. In particular, we use a regression basis of 15 equally-
spaced B-splines between minimum and maximum sampling time. The degree of
B-splines is chosen to be d = 3 because of its good trade-off between model flexibil-
ity, model smoothness and complexity. A second order smoothness penalty is used
and the optimal values for the smoothness parameter are determined using cross-
validation (CV) with the candidate values chosen from an approximate geometric
grid {0.001, 0.01, 0.1, 0.5, 1, 5, 10, 50, 100, 500}. The optimal smoothness parame-
ter is found to be 1. The obtained estimate μ̂(t) is graphically presented in Figure 3a.
To estimate the mixing component means μS and μI , a two-component gamma
mixture model is fitted to log(SP+1). For the current application gamma mixtures
are an attractive choice since they allow skewly distributed mixing components. The
gamma mixture is fitted using the MCMC-algorithm as outlined by Wiper et al.
(2001) and using the following non-informative priors: a beta prior beta(1,1) for the
mixing proportion, an inverted gamma distribution GI(1,1) for the (gamma) means
and an exponential distribution E(0.01) for the (gamma) scales. Other mixtures, e.g.,
of log-normals, are natural candidates too, but the gamma mixture is fitting best.
Three chains of each 50 000 samples are run, of which the first 30 000 are discarded
as burn-in. The obtained gamma mixture density estimate is given in Figure 3b and
shows a very good fit to the data. The estimates μ̂(t), μ̂S and μ̂I are combined as in
(2.11) to obtain the direct estimate π̂ (t), which is graphically represented by means
of the solid line in Figure 3d.

To compare, we also estimate π (t) from SP-ratios dichotomized using the com-
monly used threshold values ζ = 0.50 and ζ = 1.00. Logistic regression is used
to estimate the seroprevalences πz(t) for both threshold values. Similar as before,
we used P-splines regression (Eilers and Marx, 1996), using a basis of 15 B-splines
of degree d = 3 and a second order smoothness penalty of which the smoothness
parameter is determined using cross-validation. The obtained optimal smoothness
parameters are 0.01 for ζ = 0.50 and 0.1 for ζ = 1.00 and a graphical representation
of π̂z(t) is given in Figure 3c for both threshold values. Clearly, the choice of thresh-
old affects the results with lower thresholds yielding higher apparent prevalences.
Estimates of the test characteristics (subscripts denoting the threshold) SE0.50, SP0.50,
SE1.00 and SP1.00 can be derived from the obtained gamma mixture density estimate
given in Figure 3b. The misclassification-corrected estimates (2.6) are graphically
represented by the dashed and dotted line in Figure 3d as well. As can be seen, the
three different estimates of π (t) are almost perfectly overlapping and seasonal effects
are observed with peaks during the summer months.

Finally, to estimate the variability in the estimated curves, generically denoted as
f (t, θ̂ ), the two-stage bootstrap procedure involving resampling ‘populations’ and
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Figure 3 Salmonella data: (a) mixture mean of log(SP+1) as function of sampling time, (b) two-component
gamma mixture density estimate of log(SP+1), (c) estimated seroprevalence based on ζ = 0.50 and ζ = 1.00
and (d) estimated prevalence using direct estimation, and using the misclassification-corrected seroprevalence
estimators for ζ = 0.50 and ζ = 1.00.

then resampling observations within populations (Rao and Wu, 1988) is used. As
explained earlier, the Salmonella data set is hierarchically structured, with (bottom-
up) animal i = 1, . . . , njk sampled at a particular sampling time j = 1, . . . , rk within
a particular herd k = 1, . . . , K. To reflect this hierarchical structure of the data,
bootstrap confidence intervals are calculated by resampling with replacement K
herds from the observed set of herds and, when the k∗th herd is selected, resampling
with replacement for every j = 1, . . . , rk∗ , njk∗ observations y∗i jk∗ corresponding to
the jth sampling time within the selected herd k∗. Then, to assess the variability
in f (t, θ̂ ), the same model is repeatedly fitted to the bootstrap samples leading to B
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bootstrap estimates f ∗(t, θ̂∗). We chose B = 500. In order to obtain the 100(1−2α)%
pointwise confidence interval for f (t), percentile intervals are calculated conditional
on time t. The latter are defined as [ f ∗(t, θ̂∗)[(B + 1)α]; f ∗(t, θ̂∗)[(B + 1)(1− α)]] with
f ∗(t, θ̂∗)[(B + 1)α] being the [(B + 1)α]th order statistic of the B = 500 bootstrap
estimates f ∗(t, θ̂∗). Of course, in order to estimate the variability of π̂z(t), each
bootstrap sample is dichotomized first.

3.2 Varicella-Zoster virus

Varicella-Zoster virus is one of the eight herpes viruses known to affect humans.
Primary infection with VZV results in chickenpox, being a highly infectious disease
mostly affecting young children. Following primary infection there is usually lifelong
protective immunity from further episodes of chickenpox. The data came from a
Belgian study, in which 2381 serum samples were collected from November 2001
until March 2003 and tested for VZV-specific antibody levels (AL) using ELISA
(Nardone and Miller, 2004).

The age-dependent FOI is derived directly from the log transformed antibody-
levels log(AL+1). For VZV, the presence of antibody levels is assumed to be lifelong.
This implies, given the additional assumption of time homogeneity and ignoring
maternal antibody levels, that the prevalence π (a) is a non-decreasing function of
age a. The fact that π (a) is non-decreasing in a implies together with μS < μI that
the mixture mean μ(a) is also non-decreasing in a (see identity (2.9)). To avoid the
estimation of decreasing age-trends in antibody level mean μ(a), but still allow flexi-
ble estimation, isotone constrained linear P-splines regression (Bollaerts et al., 2008)
is used. Constrained P-splines regression, which is a non-parametric smoothing tech-
nique by which different types of shape constraints can be imposed, extends P-splines
regression as introduced by Eilers and Marx (1996) with an additional asymmetric
discrete penalty enforcing the constraints. For the current application, the antibody
level mean μ(a) is estimated as a function of age using a basis of 30 equally-spaced
B-splines of d = 3 between minimum and maximum age. Monotonicity is imposed
using an asymmetric first-order penalty with its weight chosen as high as 106 to
ensure that violations of the monotonicity assumption are negligible. A second-order
smoothness penalty is used with the smoothness weight being optimally chosen using
cross-validation with candidate values selected from the approximate geometric grid,
{0.001, 0.01, 0.1, 0.5, 1, 5, 10, 50, 100, 500}. The optimal smoothness parameter is
found to be 0.01. The estimated log(VZV+1) mixture mean μ̂(a) as a function of age
is graphically displayed in Figure 4a, on top of a scatter plot of the data by age. A
histogram of the data is given in Figure 4b.

The mixing component means μS and μI can be obtained in various ways, using
EM or NPMLE (see, e.g., Böhning et al., 1992, 1998; McLachlan and Peel, 2000;
Schlattmann, 2009) or MCMC-sampling (Gilks et al., 1996). The use of the EM
algorithm is illustrated here by estimating the mixing component means based on a
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Figure 4 VZV data: (a) mixture mean of log(VZV+1) as function of age, (b) histogram of log(VZV+1), (c) age-
dependent true prevalence and (d) age-dependent FOI.

mixture with two normally distributed components (μ̂S = 2.3324 and μ̂I = 6.3279).
The estimates μ̂(a), μ̂S and μ̂I are combined as in (2.11) to obtain an estimate of the
prevalence π̂ (a), given Figure 4c. To obtain an estimate of the FOI, μ̂

′
(a), μ̂S and μ̂I

are combined as in (2.13) with μ̂
′
(a), the first derivative of μ̂(a), being analytically

derived from μ̂(a) (Dierckx, 1993). The estimated curve λ̂(a) is given in Figure 4d.
The FOI curve shows peaks at about 4 and 7 years, which can be explained by the
Belgian school system, with the typical age of joining nursery school (not compulsory
but commonly done) being 3 years and the one of joining primary school (compulsory
primary education) being 6 years.
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The variability of the estimated curves is again assessed by means of pointwise
bootstrap confidence intervals. In total, B = 500 bootstrap samples are generated by
resampling pairs of the original data (ai , yi ) with replacement. For each bootstrap
sample, which contains N = 1295 observations (a∗

i , y∗i ), μ(a), μS and μI are estimated
as before using log(y∗i + 1), leading to B = 500 different estimates μ̂∗(a), μ̂∗

S and μ̂∗
I .

In order to estimate the 100(1 − 2α)% pointwise percentile intervals are calculated
as before, now conditional on age.

4 Simulation study

In Section 2.4, we showed the equivalence between the corrected threshold based
approach and the direct approach. However, when it comes to estimation, both
methods may still differ in the way they can be implemented and in their distributional
properties. A Monte Carlo simulation study was conducted to get further insights in
the performance of both methods for a range of sample sizes and parameter settings.

To simulate data, we start from a two-component Gaussian mixture model given
by (1 − π (a)) N(y|μS, σ 2

S )+π(a)N(y|μI, σ 2
I ). Without loss of generality we put μS = 0

throughout the simulation study such that μI = μI − μS. Data are generated for
different ‘true’ values for five parameters: the mixture model parameters μI , σ 2

S and
σ 2

I , the threshold parameter ζ (implying a certain sensitivity and specificity) and the
sample size n. To ensure a good spread, age values a (in years) are generated using
Latin hyper-cube sampling (Mckay et al., 1979) from a uniform U(0,12) distribution
for each simulation setting. In Latin hyper-cube sampling, the sampling domain is
divided in n segments having equal sampling probability and exactly one sample is
taken within each segment. The age-dependent (true) prevalence π (a) is kept fixed
throughout the whole simulation study, equal to the estimated curve from the VZV
example, as graphically represented in Figure 4c, but limited to the maximal age of
12 years.

Instead of taking some fixed values (the number of which is always limited) for the
above-mentioned five parameters, random values are generated from ‘input’ distribu-
tions. This approach allows to explore a large variety of settings and consequently has
the potential to lead to more general results and insights. The mixture component
variances σ 2

S and σ 2
I are randomly and (independently) sampled from U(0.5, 1.5)

and the threshold ζ is randomly sampled from U(μS = 0, μI) where μI is randomly
sampled from U(0.5, 6). Finally, sample sizes n are randomly sampled from the set
{100, 101, . . . , 2500}.

In total, K = 1000 simulation settings simseti = (σ 2
Si , σ 2

Ii , μIi , ζi , ni ), with i =
1, 2, . . . , K, are generated. Then, for each simulation setting, 100 data sets yi j , j =
1, 2, . . . , 100, are generated. In particular, given a simulation setting simseti , a data
set yi j is generated containing ni pairs of observations (ai jk, yi jk) of ages (a) and test
results (y) and with k = 1, . . . , ni . Then, for a given ai jk, the corresponding π (ai jk) is
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calculated and yi jk is obtained as N(0, σ 2
Si ) or as N(μIi , σ 2

Ii ) depending on whether the
value generated for the indicator Ii jk ∼ Bernoulli(π (ai jk)) equals 0 or 1 respectively.

Then, for each data set, the age-dependent prevalence π (a) and FOI λ(a) are
estimated from yi j using the direct approach and from zζ i j = I(yi j > ζi ) using the
threshold approach with correction for test misclassification. The age-dependent mix-
ture mean (respectively, seroprevalence) is estimated using isotone constrained linear
(respectively, logistic) P-splines regression (Bollaerts et al., 2006) as in Section 3.2.
The smoothness parameter is optimally selected for each simulated data set sepa-
rately. The mixture component parameters are estimated using the two-component
Gaussian EM-algorithm.

We use the mean squared error (MSE, combining bias and variance) to quantify the
quality of the estimates for the prevalence π (a) and the FOI λ(a) and the relative MSE-
difference to compare the performance of the two types of estimators (threshold based
versus direct approach). Let us first focus on the estimates for the prevalence using the
direct approach with π̂Di j denoting the estimated prevalence for data set j within sim-
ulation setting i . Then, for an equally spaced grid on age between minimum and maxi-
mum age with G = 500 points ag on the grid, the age-dependent MSEs are calculated

as MSE
(
π̂Di (ag)

)
= 1

100

∑100
j=1

(
π̂Di j (ag) − π (ag)

)2
, for g = 1, 2, . . . , G. The corre-

sponding overall MSE is then simply given by MSE (π̂Di ) = G−1 ∑G
g=1 MSE

(
π̂Di (ag)

)
.

In a similar way, the overall MSEs for the threshold based estimation of the preva-
lence and for the direct and threshold based estimation of the FOI are calculated,
being denoted as MSE(π̂ζ i ), MSE(λ̂Di ) and MSE(λ̂ζ i ), respectively. The relative dif-
ferences in MSEs are then calculated as 	π i = (MSE(π̂ζ i )−MSE(π̂Di ))/MSE(π̂ζ i ) and
as 	λi = (MSE(λ̂ζ i ) − MSE(λ̂Di ))/MSE(λ̂ζ i ).

To compare the performance of both methods under different simulation settings,
we examine how the relative MSE-differences depend on the simulation settings. This
can be done by analyzing the relative MSE-differences as the ‘responses’ in a regres-
sion model with the simulation settings as ‘explanatory’ variables. More precisely
we use Generalized Additive Models (GAMs) for this purpose, being introduced by
Hastie and Tibshirani (1990). GAMs extend the framework of Generalized Linear
Models (GLMs; McCullagh and Nelder, 1989) by allowing the explanatory variables
Xj for j = 1, . . . , p, to enter the linear predictor η as smooth functions f j (·), as such,
keeping the generality of a GLM, but relaxing its polynomial structure of the additive
effects. We adopt the GAM-approach by Marx and Eilers (1998), who proposed to
fit all smooth components f j (·) simultaneously using penalized likelihood with every
smooth component f j (·) being a B-splines function. In particular, to the response
variables 	π and 	λ, penalized GAM models are fitted assuming a normal response
and using the identity link. In total, 6 explanatory variables Xj for j = 1, . . . , 6 are
considered. In particular, the explanatory variables considered are (transformations
of) the simulation settings, i.e., the mixture component variances σ 2

S and σ 2
I , the

mean of the second mixture component μI , test sensitivity SE = 1−�(ζ, μI, σ 2
I ), test
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specificity SP = �(ζ, μS, σ 2
S ) and sample size n. Every smooth component f j (Xj ), for

j = 1, . . . , 6, is taken to be a B-splines function of 15 equally spaced B-splines of third
degree. A second order smoothness penalty is chosen and the smoothness parameter
is optimally determined using Akaike’s Information Criterion from a 6-dimensional
geometric grid �6 where � = 10P with P = {−1, 0, 1, 2, 3}. The obtained optimal
smoothness parameters are (on log10 scale) {3, 3, 3, 3, 3, 2} and {3, 3, 3, 3, 3, 3}.
To allow a direct comparison of both approaches on the original scale, the marginal
additive smooth effects

E(Y|Xj = xj ) =
∫

· · ·
∫

g−1
(
η(X1, . . . , Xp)

)
f (X1, . . . , Xp)− j

∏
k=/ j

dxk,

are obtained through numerical integration by simulation as

Ê(Y|Xj = xj ) =

∑R
r=1 g−1(η̂(X1 = x(r )

1 , . . . , Xp = x(r )
p )φ

(
x(r )

j −xj

σ

)
∑R

r=1 φ

(
x(r )

j −xj

σ

) ,

where R is a (large) number of simulation settings, generated by randomly sampling
from the input distributions as specified before. We will take R = 103. This expression
represents the Gaussian-kernel weighted average with φ being the Gaussian density

given by φ(z) = (2π )−1/2e−
z2

2 . The variance σ 2 is of fundamental importance since
it controls the trade-off between bias and variances and is optimally selected using
ordinary least squares cross-validation (Silverman, 1986). Percentile bootstrap confi-
dence intervals of the marginal effects are calculated as well using B = 500 bootstrap
samples. Each bootstrap sample is obtained by resampling K = 1000 quintuples of
‘observations’ (simseti , MSE(π̂Di ), MSE(π̂ζ i ), MSE(λ̂Di ), MSE(λ̂ζ i )), based on which
the simulation based marginal effects for the relative differences in MSEs are calcu-
lated, yielding B = 500 replicated estimates of the marginal effects Ê∗(Y|Xj = xj ) for
j = 1, . . . , 6. In order to estimate the 100(1−2α)% pointwise confidence interval for
Ê(Y|Xj = xj ), percentile intervals are calculated conditional on Xj as in Section 3.

The results for the relative MSE-differences between the direct and threshold
based approach on the true prevalence scale and FOI scale are graphically displayed
in Figure 5. Clearly, for most plots the marginal smooth additive effects are larger
than 0, indicating that the direct approach performs better than the threshold based
approach. For the prevalence, the degree in which the direct method outperforms the
threshold method improves with higher values for μI and of σ 2

I , with lower values
for σ 2

S , with smaller values for the specificity SP and with smaller or larger values
for the sensitivity SE. It does not seem to depend very much on the sample size. For
the FOI the differences are less pronounced. Sensitivity seems to have the largest
impact and it improves with sample size. Only on the FOI scale, we observe that the
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Figure 5 Simulation study: marginal additive smooth effects for the relative differences in MSEs on the true
prevalence scale (left panels) and FOI scale (right panels) together with 95% bootstrap confidence intervals.

threshold based approach performs slightly better than the direct method for high
values of the sensitivity.

In summary, the main conclusion is that, in case both approaches use equivalent
model specifications (being the same mixture model, and the same spline model for
the dependency on age), the new direct estimator is generally performing better than
the corrected threshold method.

5 Discussion

In this article, we illustrated that the ‘optimal’ threshold minimizing the asymp-
totic bias is different for the true prevalence and the age-dependent FOI. Realizing
that the choice of threshold is troublesome, we propose estimating epidemiological
parameters directly from serological data, avoiding the use of thresholds. The close
connection between the common threshold based method and the direct method is
revealed and the versatility of the methodology is illustrated by its application in two
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diverse settings. In addition, a Monte Carlo simulation study comparing both meth-
ods is conducted, based on which it is concluded that the direct approach performs
better.

The proposed estimators are derived from an underlying two-component mixture
model for (serological) test results assuming a covariate-dependent mixing proba-
bility and covariate-independent mixing components. Mixture models are a very
natural choice to analyze serological data and several applications are reported in
the literature. Hardelid et al. (2008) use finite mixture regression models to inves-
tigate the effect of maternal age and maternal country of birth on rubella antibody
distribution of newborns. Gay (1996) modelled age-stratified serological data using
two-component mixture models with age-dependent mixing probabilities and age-
dependent mixture components. The model is parameterized at a limited number
of age groups with intermediate values obtained by linear interpolation. Further-
more, order restrictions are imposed assuming that the mixing probability, mix-
ing component means and variances increase by age. Results indicate that changes
in mixing probability are the dominant age effect. In later work when using age-
stratified three-component mixture models (reflecting strong positive, weak positive
and negative components) to analyze oral fluid test results, Gay et al. (2003) omit
the age-dependency of the parameters of the mixture components. Also Vyse et al.
(2004, 2006) assume age-independent mixture components to estimate age-stratified
disease prevalences using two-component mixture models within age groups. In all
these applications, the (covariate dependent) mixture model is estimated, whereas we
proposed estimators of epidemiological parameters that are derived from an under-
lying mixture model, but for which the mixture model as such does not need to
be estimated. Indeed, the direct approach only requires the estimation of first-order
moments. This is an important practical advantage because it is often difficult to
find a mixture model that adequately fits the data. Observe that also the thresh-
old approach requires a full specification of the mixture density, in order to obtain
estimates for SE and SP.

Finally it is important to emphasize that the threshold estimator cannot be cor-
rected for misclassifications in settings with two thresholds, and moreover that it
deletes the inconclusive cases laying in between these two thresholds. The direct
method, on the other hand, does not discard any inconclusive data, and does not
need to be corrected for misclassifications.

The proposed estimators rely on the assumption of a covariate-dependent mixing
probability and covariate-independent mixing components, which is equivalent to
the use of constant thresholds when adopting the threshold approach. Although
this assumption is a common one (see Gay, 1996; Gay et al., 2003; Vyse et al.,
2004, 2006), it would be interesting to relax this assumption to model, e.g., the
mechanism of decaying antibody levels. Finally, note that since the mixture mean
μ(a) and the mixture component means μS and μI are estimated separately, the
natural order restriction, μS < μ(a) < μI , might be violated, yielding direct estimates
of the epidemiological parameters outside the valid range. Observe that a similar
order restriction holds for the threshold approach, i.e., 1 − SP < πz(a) < SE. Upon
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occurrence, violations against these order restrictions might be prevented by using
constrained optimization.
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Böhning D, Schlattmann P and Lindsay B (1992)
Computer-assisted analysis of mixtures
(c.a.man): Statistical algorithms.
Biometrics, 48, 283–304.
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